
Practice Exam III

(1) Consider the function

f(x) =
x2

x2 − 1
.
(a) What is the domain of f(x)?

(b) Compute f(0), f(1/2), and f(2).

(c) Compute f ′(x) and find all critical points.

(d) Fill out a sign diagram for f ′(x) and use it to determine those
intervals over which f(x) is increasing and those over which it
is decreasing; also use it to classify critical points.

(e) Compute f ′′(x) and fill out a sign diagram for it. Use it to find
all points of inflection and all intervals where f(x) is concave
up and where f(x) is concave down.

(f) Find the horizontal and vertical asymptotes of f(x) (assuming
it has any).

(g) Using your answers to the parts above, sketch a picture of f(x),
making sure to indicate where f(x) is increasing, decreasing,
concave up, and/or concave down, as well as where f(x) has
vertical asymptotes, local maxima, and local minima.

(2) John Locke, who works in a box factory, is instructed to design an
open-top, rectangular box as shown below).

The base panel of the box is twice as wide as it is long, and its
total surface area is 12 in2. What are the dimensions of the box
that, under these restrictions, encloses the most amount of volume?
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(3) Professor Jordin Miller was busy evaluating a definite integral∫ 5

a
f(x) dx

She stopped working on her problem, though, because she wanted
to stop by the bank to withdraw a significant amount of money to
donate to the ICLC Project∗. Here is where her work stopped:∫ 5

a
f(x) dx = lim

n→∞

n∑
i=1

cos

(
1 +

4i

n

)
4

n
.

(a) Identify the interval [a, 5] over which the original integral took
place.

(b) Identify the function, f(x), being integrated.

(c) Was Jordin using left-end points or right-end points in her Rie-
mann sums?

(d) Using the Fundamental Theorem of Calculus, compute the in-
tegration she started.

(4) State both parts of the Fundamental Theorem of Calculus.

(5) Compute the limit lim
x→0+

xx

(6) Consider the function f(t) = cos(et), and use it to construct the
area-accumulation function

A(x) =

∫ x

0
f(t) dt.

(a) Evaluate A(0).

(b) Evaluate A′(x).

(c) Verify that x = ln(π/2) a critical point for A(x)? Is it a local
max, a local minimum, or neither?

∗ a.k.a. the Increase Casey’s Lego Collection Project
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(7) Evaluate the integral ∫ 3

0

√
9− x2 dx

(8) Consider the function f(x) = ln(1 + x2).
(a) What is the domain of f(x)?

(b) Compute f ′(x) and find all critical points.

(c) Fill out a sign diagram for f ′(x) and use it to determine those
intervals over which f(x) is increasing and those over which it
is decreasing; also use it to classify critical points.

(d) Compute f ′′(x) and fill out a sign diagram for it. Use it to find
all points of inflection and all intervals where f(x) is concave
up and where f(x) is concave down.

(e) Find the horizontal and vertical asymptotes of f(x) (assuming
it has any).

(f) Using your answers to the parts above, sketch a picture of f(x),
making sure to indicate where f(x) is increasing, decreasing,
concave up, and/or concave down, as well as where f(x) has
vertical asymptotes, local maxima, and local minima.

(9) Some graphs (and shaded regions associated to them) are shown
below. The first graph depicts the function f(x) = 2 sinx+ x along
the interval [0, 15]. The second image shows the region above this
same function, f(x), but below the graph of g(x) = 5

√
x, over the

same region.

(a) Compute the area of the shaded region in the first (left) figure.

(b) Compute the area of the shaded region in the second (right)
figure.
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(10) State the limit definition of the derivative

f ′(x) = . . .

(11) Evaluate the limit

lim
x→0

sinx

x

(12) Suppose a particle is moving along a straight line, and its velocity
at time t is given by

v(t) = t2 − 2t+ 2

How much distance does this particle traverse from time t = 0 to
t = 1?

(13) Hi!

(14) Find any antiderivative for the function f(x) = 1 + x+ cos(x) + ex.

(15) Find the average value of g(s) = es over the interval [ln 2, ln 3].

(16) For this problem use the function f(x) = lnx.

(a) Verify that the derivative of F (x) = x lnx− x is f(x) = lnx.

(b) Evaluate the definite integral∫ 2

1
lnx dx
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(Partial) Solutions

(1) (a) The domain is all real numbers x where x 6= ±1.
(b) f(0) = 0, f(1/2) = −3, f(2) = 4/3.
(c) f ′(x) equals

f ′(x) = − 2x

(x2 − 1)2

and so the only critical points are x = 0 (where f ′ = 0) and x = ±1
(where f may have asymptotes).
(d) Here is a sign diagram (poorly typed)

< −−
+
−−− |

−1
−−

+
−−− |

c=0
−−

−
−−− |

1
−−

−
−−− >f ′

This diagram tells us that f is increasing on the intervals (−∞,−1)
and (−1, 0). Similarly, f is decreasing on the intervals (0, 1) and
(1,∞). The critical points ±1 are neither maxima nor minima (plus
they can’t even be plugged in to the function!), but the critical point
0 is a local maximum.

(e) f ′′(x) is given by

f ′′(x) =
2 + 6x2

(x2 − 1)3

and this expression has potential inflection points at x = ±1 (where
f ′′ does not exist). The sign diagram for f ′′ is then

< −−
+
−−− |

−1
−−

−
−−−−−−

−
−−− |

1
−−

+
−−− >f ′′

This diagram tells us that f is concave up on the intervals (−∞,−1)
and (1,∞), while it is concave down on the interval (−1, 1). There
are changes of concavity at the points x = −1 and x = 1.
(f) The horizontal asymptotes (if they exist) can be found by eval-
uating the limits

lim
x→±∞

f(x)

. One can compute that both of these limits equal 1. Hence, the
horizontal line y = 1 is a horizontal asymptote for this function (both
at “negative infinity” and at “positive infinity.”). We suspect that
there are asymptotes at x = ±1. To confirm this we compute

lim
x→1+

f(x) = lim
x→1−

x2

(x− 1)(x+ 1)
= lim

x→1+

1

2

1

x− 1
→∞
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since the denominator tends to zero through positive values. On the
other hand, one can show that

lim
x→1−

f(x) = −∞

. Similar limits can be computed as x → −1 to confirm that the
vertical lines, x = 1 and x = −1, are vertical asymptotes.

(g) Here is a plot of the function along the interval [−2, 2].

(2) later

(3) (a) The interval is [a, 5] = [1, 5].
(b) The function is f(x) = cos(x).
(c) She was using right-end points.
(d) The actual definite integral equals∫ 5

1
cosx dx = sin(5)− sin(1).

(4) Consult notes from class.

(5) This limit can be computed by, instead, computing

lim
x→0+

x lnx = lim
x→0+

lnx

1/x
→ −∞
∞

By Floppy Towel’s rule, this limit equals

lim
x→0+

1/x

−1/x2
= lim

x→0+
−x = 0
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and so the final answer is equal to

lim
x→0+

xx = e0 = 1.

(6) (a) A(0) = 0.
(b) A′(x) = f(x) = cos(ex).

(c) We compute that A′(ln(π/2)) = cos(elnπ/2) = cos(π/2) = 0.
Hence, lnπ/2 is a critical point.
(d) This point is a local maximum.

(7) This integral can (only?) be computed by viewing it as the area

beneath a very nice curve. The function y =
√

9− x2 has as its
graph the “top” portion of a circle of radius 3 centered at the origin.
The integral, then, represents the (signed) area of one-fourth of this
filled in circle so that∫ 3

0

√
9− x2|, dx =

1

4
π 32 =

9π

4
.

(8) later.

(9) (a) This area can be computed by evaluating∫ 15

0
2 sinx+ x dx =

[
2 cosx+

x2

2

]
= 2 cos 15 +

225

2
− 2.

(b) This new area can be computed by evaluating∫ 15

0
5x1/2 − 2 sinx− x dx.

(10) Oh, come on now.

(11) One can use Floppy McTowel’s Chicken Nugget Extravaganza rule
to compute

lim
x→0

sinx

x
= 1.
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(12) The total distance traveled is computed by evaluating∫ 1

0
v(t) dt

(13) Shut up.

(14) Here’s one: x+ x2/2 + sin(x) + ex + 10000000.

(15) The average value is given by

1

(ln 3− ln 2)

∫ ln 3

ln 2
es ds =

1

(ln 3− ln 2)
[es]ln 3

ln 2 =
1

(ln 3− ln 2)
.

(16) (a) This can be checked by using known derivative rules:

F ′(x) = (x lnx− x)′ = (x lnx)′ − 1 = lnx+ x
1

x
− 1 = lnx+ 1− 1 = lnx.

(b) Using the FTC we then have∫ 2

1
lnx dx = F (2)− F (1) = (2 ln 2− 2)− (1 ln 1− 1) = 2 ln 2− 1.


