
Linear Algebra — Homework 4

Reading: re-read the sections on Vector Spaces, Subspaces, Spanning, Linear (In)dependence, and
the definition of basis (as well as a few examples).

1. We know that a set of vectors S = {~v1, . . . , ~vk} is a basis for a vector space V if two conditions
hold:

[S] = (1)

S is (2)

Explain in words why each condition is important or desirable. (Note: the notation [S] refers
to the span of S.)

2. For this problem use the set of vectors

S = {~v1, ~v2, ~v3} =
{

(2, 1,−1)T , (3, 1, 1)T , (−4, 0, 6)T
}

(a) Write the vector (1, 2, 6) as a linear combination of the vectors ~vi.

(b) Is S a basis for R3? Prove your answer. (Hint: you may use the fact that R3 is 3-
dimnsional.)

(c) What do your answers to (a) and (b) tell you about the set of polynomials

S ′ = {2 + x− x2, 3 + x + x2,−4 + 6x2}

in relation to the vector space P2?

3. Determine whether each of the following vectors is a linear combination of (1, 1, 1, 0)T , (1, 0, 0, 1)T ,
(0, 1, 0, 1)T .

(a) (1, 5, 3, 0)T

(b) (1, 1, 1,−3)T

4. (a) Write the polynomial 4x3−7x2−3x+ 8 as a linear combination of x+ 1, x2 +x, x3 +x2.

(b) Is it true that any polynomial in P3 can be written as a linear combination of these
vectors?

(c) Do these given polynomials form a linearly independent set? (Prove your answers.)

5. (a) Show that {(2, 4,−2)T , (3, 2, 0)T , (1,−2,−2)T} spans R3.

(b) Show that {(2, 4,−2)T , (3, 2, 0)T , (1,−2, 2)T} does not span R3.

6. (a) If possible, give a set with five elements that spans P3 (or explain why it is impossible).

(b) If possible, give a set with four elements that spans P3 (or explain why it is impossible).



(c) If possible, give a set with three elements that spans P3 (or explain why it is impossible).

(d) Which (if any) of the sets from the above parts are also linearly independent? Which
are linearly dependent?

7. Suppose {~v, ~w} is a linearly independent subset of a vector space V . Is it true that {~v+ ~w, ~w}
is always a linearly independent subset, too? Prove your answer.

8. Ted claims that the functions f(x) = ex and g(x) = e−x are linearly independent in the vector
space V = {f : R→ R}. Is he correct? Explain/prove your answer.

9. What is the standard basis forM2×2? More generally, describe the standard basis forMm×n.

10. Suppose {~v1, ~v2, . . . , ~vk} is a basis for some vector space V .

(a) How many different linear combinations of the vectors ~vi produce the zero vector ~0?

(b) Let ~w ∈ V . Explain why we know that there exists at least one linear combination of
the basis vectors ~vi that produces ~w.

(c) As in part (b), let ~w ∈ V . How many different linear combinations of the basis vectors
~vi produce the ~w? (Hint: suppose there are two ... )

11. Suppose V is a 4-dimensional vector space.

(a) If S = {~v1, ~v2, ~v3, ~v4, ~v5} ⊂ V , is it always true or sometimes false that S is linearly
dependent?

(b) If S = {~v1, ~v2, ~v3, ~v4} ⊂ V , is it always true or sometimes false that S is linearly inde-
pendent?

12. Liam and Lucia spent some of their weekend writing a proof for a Linear Algebra exercise.
Their proofs concerned a finite set of vectors, S = {~v1, . . . , ~vk}, from a vector space V .

(a) Liam’s proof began with the following sentence: “Suppose some linear combination of
the vectors in S equals the zero vector, i.e. suppose that

c1~v1 + c2~v2 + · · ·+ ck~vk = ~0

where ci ∈ R. We will now show that c1 = c2 = · · · = ck = 0.” What was Liam proving?

(b) Lucia’s proof began as follows: “Let ~w ∈ V be an arbitrary vector. We will show that
the equation

c1~v1 + c2~v2 + · · ·+ ck~vk = ~w

has at least one solution.” What was Lucia proving?

(c) Assuming both Liam and Lucia were successful in their proofs, what can we conclude
about the set S? (Hint: reread the first question.)


