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Casey Douglas

Instructions. This is an open-book, open-notes, closed-other-people, exam. Calculators are
neither needed nor allowed.

There are ten problems on this exam. Make sure you justify all of your solutions to the problems;
answers alone will receive little or no credit.

Name



1. (15 points) Describe / define the following sets listed in parts (a) through (e).

(a) (1 point) ∅ =

(b) (3 points) N =

(c) (3 points) Z =

(d) (3 points) Q =

(e) (3 points) R =

(f) (2 points) Which sets in this list are subsets of others also in the list?



2. (15 points) Let A1 = {1, 2, 3}, A2 = {a, b, c, 1} and A3 = {♠}

(a) (5 points) Write out the set A1 × A2

(b) (5 points) Is |P (P(A3))| larger than |A2 × A2|? Explain your answer.

(c) (5 points) Which pairs, if any, of the given three sets satisfy Ai ∩ Aj = ∅?



3. (20 points) For this problem A,B, and C are sets.

(a) (5 points) Write the statement A ⊆ B as an if-then statement.

(b) (5 points) Write the statement A = B as an if-and-only-if statement.

(c) (10 points) Portions of a two-part proof are shown below. Based on these portions, write
down the proposition the proof (attempts to) demonstrate.

Proposition: .
proof : For the first part of the proof, let x ∈ A∪B. This means either x ∈ A or x ∈ B.
It then follows that ... [MISSING WORDS / SENTENCES] ... Therefore, x ∈ C.

For the second part of the proof, let x ∈ C. This means that ... [MISSING WORDS /
SENTENCES] ... Therefore x ∈ A ∪B, completing the proof. �



4. (20 points) Consider the statement

∀x ∈ R,∃y ∈ R, x + y = 2

(a) (5 points) Write the negation of this statement.

(b) (15 points) If you think the (original) statement is true, write a proof. If you think the
(original) statement is false, provide a counterexample.



5. (15 points) Consider the Mean Value Theorem from Calculus:

Theorem (Mean Value Theorem). If f(x) is differentiable on the open interval (a, b) and
continuous on the closed interval [a, b], then ∃ c ∈ (a, b),

f ′(c) =
f(b)− f(a)

b− a
.

Some ambitious FOM students have attempted to prove this theorem. The first sentences of
their proofs are shown below, and they contain all of the hypotheses that will be used in their
proofs. Based on these first lines, determine the method or kind of proof being used.

(a) (5 points) Suppose f(x) is differentiable on (a, b) and continuous on [a, b].

(b) (5 points) Suppose that f(x) is differentiable on (a, b) and continuous on [a, b], but that
∀ c ∈ (a, b)

f ′(c) 6= f(b)− f(a)

b− a
.

(c) (5 points) Suppose that there are no values of c ∈ (a, b) for which f ′(c) equals (f(b) −
f(a))/(b− a).



6. (15 points) Using any proof method you like, prove the following statement: If n ∈ N, then
either n2 is divisible by 4 or n2 − 1 is divisible by 4.

Note: This proposition can be reworded as follows:

∀n ∈ Z, (n2 ≡ 0 mod 4) or (n2 ≡ 1 mod 4)



7. (25 points) Fill in the missing blanks of the proof shown below, and then write down the
proposition that was proven.

Proposition

proof. We will proceed by contradiction. Suppose n ∈ Z but that . This means
that there exists m ∈ Z such that

n2 − 3 = 4m.

This equation can be rewritten as
n2 = 4m + 3

which, by definition 5.1 from our textbook, can be rewritten as

n2 ≡ mod .

The existence of this integer n ∈ Z that satisfies this congruence relation directly contradicts
the result of from this exam, completing our proof. �



8. (25 points) Prove the contrapositive of the statement

Suppose x, y, z ∈ Z and x 6= 0. If x - yz, then x - y and x - z.



9. (25 points) For this question a, b ∈ Z.

(a) (15 points) Prove that if a | b then a2 | b2.

(b) (10 points) Is the converse of the statement from part (a) true or false? Prove your
answer.



10. (25 points) This problem uses two new words, “relation” and “funky relation,” so let’s
define them first.

Definition. Given two sets, A and B, a relation from set A to set B is any subset

R ⊆ A×B.

Example. If A = {2, 3, 7} and B = {0, 1} then the set of ordered pairs

R = {(2, 0), (2, 1), (3, 0)} ⊆ A×B

is one particular relation from A to B.

Definition. A funky relation from A to B is a relation R ⊆ A×B that satisfies an additional
property: for every a ∈ A, there exists exactly one ordered pair of the form (a, b) ∈ R.

Note that the example above is not a “funky relation” for two reasons. First, there is no
ordered pair of the form (7, b) (where b ∈ B). Second, there are two ordered pairs of the form
(2, b).

Example. If A = {2, 3, 7} and B = {0, 1}, then the set of ordered pairs

R′ = {(2, 0), (3, 1), (7, 0)}

is a funky relation from A to B. Note that every element a ∈ A is used once and only once
in each ordered pair.

(a) (5 points) Prove or disprove: the empty set is always a relation from any set A to any
set B.

(b) (5 points) Prove or disprove: every relation from A to B where A is a one-element set
must be a funky relation.

(c) (5 points) How many (distinct) funky relations from A = {2, 3, 7} to B = {0, 1} are
there?

(d) (10 points) If A is an n-element set (i.e. |A| = n), then how many (distinct) funky
relations from A to B = {0, 1} are there? Explain your answer. (For additional points
you may write your explanation as a full blown proof.)

(Bonus +5) Why are these called “funky relations?”


