
Real Analysis — Homework 5
Due Wednesday, October 12th + ε

Reading: Sections 2.1, 2.2, 2.3, 2.4, and 3.1, 3.2

Reading and Notes Questions

1. How are we to interpret the meaning of the claim “f(x) is continuous at x0” when the point
x0 is in the domain of f but is not an accumulation point of the domain?

2. Write down three different ways a function f(x) can fail to be continuous at a point x0.

3. Is it possible for a monotone function to be discontinuous? If yes, provide an example. If not
explain why.

4. Is it possible for a monotone function to be discontinuous on R r Q? If yes, provide an
example. If not explain why.

5. Suppose S ⊆ T ⊂ R are bounded sets. How does supS relate to supT? How does inf S relate
to inf T?

6. Here is some notation our book does not use. Define the set C0 = C0 (R,R) by

C0 = C0 (R,R) = { all continuous functions f : R→ R} .

Which theorem(s) (if any) from our textbook justify the following statements? (If a statement
is not justified, discuss why or how to qualify it so that it is.)

(a) C0 is closed under addition

(b) C0 is closed under multiplication

(c) C0 is closed under division

(d) C0 is closed under composition

Lastly, is C0 a vector space over R?

7. Write down a Cauchy sequence of real numbers that does not converge or explain why no
such sequence exists.

8. Complete the following sentence: “... a function f : D → R is continuous at a point x0 ∈ D iff
for each ε > 0, there is δ > 0 such that for |x−x0| < δ and x ∈ D, we have |f(x)−f(x0)| < ε.
Note that the choice of δ > 0 is influenced by two things: the choice of and

.”



Special Question

Please take a few moments to share some of the ways in which Dr. Goldstine has helped make
your SMCM math experience a positive one. I intend to share these responses with her, so if you
would like to remain anonymous you may do so by not including your name or any identifying
information. Thanks!



Prooferriffic Questions

Note: This homework assignment appears to be a bit longer than usual, but don’t fret! Problems
1 and 4 do not require rigorous proofs, and Problem 2 can be proved in a very short way. Lastly,
Problem 7 requires you to think about and then adjust the proof of Lemma 2.7 that appears in our
textbook. You can do it!

1. Define f : (0, 1)→ R by

f(x) =
1√
x
−
√
x+ 1

x
.

Can one define f(0) to make f continuous at 0? Explain / justify your answer.

2. Suppose f : R → R is continuous (i.e. f ∈ C0) and suppose that f(r) = 10r2 + r4 for every

r ∈ Q. Determine the value of f
(√

2
)

, and justify your conclusion.

3. (Babylonian Square Roots). The ancient Babylonians had an ingenious method for ap-
proximating square roots of positive numbers. It worked (roughly) as follows: to solve x2 = a,
make an initial guess for x and call it x1. One then averages x1 with a/x1 to produce a new
(and better) guess, x2. This process can be repeated indefinitely to produce a sequence xn,
all of whose terms are supposed to converge to

√
a.

Use your tools from analysis to prove that, given any a > 0, this recursive sequence indeed
converges and that it converges to

√
a. In particular, we can formalize this by letting a > 0

be given, setting x1 = a (as an initial guess) and then using

xn =
1

2

(
xn−1 +

a

xn−1

)
for every n ≥ 2.

(a) Prove that xn ≥
√
a for all n.

(b) Prove that the sequence {xn} is decreasing.

(c) Prove that the sequence converges to
√
a.



4. (a) Recall that the Nested Interval Property for R uses closed, nested intervals In = [an, bn].
Provide an example of a sequence of open, nested intervals In = (an, bn) for which the
Nested Interval Property fails.

(b) Provide an example of a sequence of nested intervals In = [an, bn] whose intersection
satisfies

∞⋂
n=1

In = [0, 1].

(c) Provide an example of a sequence of nested intervals In = [an, bn] whose intersection
satisfies

∞⋂
n=1

In = {π}.

Note: you do not need to prove your examples work for parts (a)-(c) above, but some amount
of explanation or justification is required (be it in the form of English sentences or pictures).

5. (a) Suppose h : D → R is continuous at x0 ∈ D and suppose that h(x0) > 0. Prove that
there exists a neighborhood, Q, of x0 where

h(x) > 0 for every x ∈ Q.

(b) Pprove that if f and g are two continuous functions that share a common domain,
D ⊆ R, then the function

h(x) = min {f(x), g(x)}

is also continuous on D.

6. Suppose f : R→ R satisfies

f(x+ y) = f(x)f(y) for all x, y ∈ R.

Suppose also that f(x) has a limit at x0 = 0, say L = lim
x→0

f(x).

(a) Prove that f(0) = 0 or f(0) = 1.

(b) Prove that L = 0 or that L = 1.

(c) Prove that f has a limit at every point in R.

(d) Prove that if L 6= 1, then f(x) = 0 for every x ∈ R.

7. Prove Lemma 2.7 for a decreasing function f : [α, β]→ R.


