
Real Analysis — Homework 7
Due Wednesday, November 9th

Reading: Sections 3.4, 4.1, 4.2, 4.3

Reading and Notes Questions

1. Given a function f : D → R with x0 ∈ D ∩D′, the number f ′(x0) is defined to be

f ′(x0) = · · ·

2. Why did we need to assume x0 ∈ D for the first question above? Why did we need to assume
x0 ∈ D′?

3. Provide an example of a continuous function f : R→ R that satisfies f(R) = Q.

4. I got lost reading the book’s proof of Bolzano’s Theorem (in Section 3.4). Summarize the
main idea(s) from their proof, and help me understand the sequence they constructed.

5. Provide an example of a differentiable function, f ∈ D , that satisfies f /∈ C1.

6. Is the following statement equivalent to the claim that f ′(x0) exists?

Statement: Suppose f : D → R, x0 ∈ D ∩D′, and that for every sequence of points {xn} of
D r {x0} converging to x0 the sequence{

f(xn)− f(x0)

xn − x0

}∞

n=1

is Cauchy.

7. State Rolle’s Theorem.

8. State the Mean Value Theorem.

9. State the Cauchy Mean Value Theorem.
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1. Prove that the definition of the derivative is equivalent to the definition

f ′(x0) = lim
h→0

f(x0 + h)− f(x0)

h
.

2. Use the definition to find the derivative of f(x) =
√
x for x > 0. Is f differentiable at zero?

Explain.



3. This question extends Problem 6 from Assignment 5, and so you should assume the same
conditions (and conclusions) hold for our function f : R→ R. (Note: this problem does not
require any results or ideas from Chapter 4.)

(a) Suppose that L = 1. Prove that f is continuous at x0 = 0.

(b) Name the value of f(1) = b. Explain why

(f (1/2) )2 = b

and why this implies b > 0. More generally, prove that

f (x) = bx for every x ∈ Q

(c) Explain how to compute f(x) for x ∈ RrQ.

4. Consider the sequence

an =

(
1 +

1

n

)n

for all n ∈ N. Prove that this sequence is increasing (hint: I proved that an+1/an ≤ 1 for all
n) and prove that this sequence is bounded above.

“ But Casey!” you’re screaming, “We’re talking about derivatives right now and this has
nothing to do with derivatives!”

“Ah hah!” I say. ”But since you proved this sequence is increasing and bounded above, it
must , and so it has a limit. Do you know what we call its limit?” After a dramatic
pause I announce, “This is a formal definition for the ever important constant e.”


