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1. Introduction

My current research lies in the general field of differential geometry, but it involves two distinct topics of
interest: catadoptric sensor design and minimal surfaces. Over the past two years I have worked with colleagues
and students on projects concerning the former, while my original thesis work focuses on the latter.

These subjects enjoy interesting and under-explored points of contact, a remarkable feat given how significantly
they contrast. The techniques and goals of minimal surface specialists involve a tremendous amount of abstract
mathematics, and the real-world applicability of their results are often (though not exclusively) of secondary
concern. Catadioptric sensors, on the other hand, are used in various applications (including mobile robotics and
imaging systems), and designing them can involve as much pure, differential geometry as it does partial differential
equations and programming.

My primary accomplishments in both subjects thus far include the following: (1) generalizing the notion of
a catadioptric sensor so that it makes sense in abstract settings, (2) devising and testing a framework by which
new, optimally-performing catadioptric sensors can be constructed and used in real-world applications, and (3)
establishing the existence of a new family of doubly periodic, minimal tori that limit on the singly periodic, genus-
one helicoid. To pose and partially solve the second problem, I applied techniques and ideas from both differential
geometry and cartography, but the complete solution also required a careful analysis of non-linear differential
equations. For the third project, a two dimensional “period problem” was solved by perturbing a one-dimensional
one, and then geometric and complex-analytic arguments were used to yield the limiting, helicoidal surface.

2. Catadioptric Sensors

Background. Catadioptric sensor design is an important and exciting area of research that lies at the intersection
of both pure and applied mathematics. Its primary goal is to construct an imaging sensor that uses combinations of
mirrors (catoptrics) and lenses or cameras (dioptrics) to photograph the world in informative ways. In particular,
mirrors are designed so that the catadioptric sensor preserves certain geometric properties, thereby establishing
deep and original connections between differential geometry and optical engineering.

This is a relatively young area of applied mathematics, with the work by Nayar, Nalwa, and Hicks, among
others [4, 34, 24, 37, 9] lying at its foundation. A basic sensor consists of a camera that has been coupled with
a reflective surface, thereby providing its user with a light weight and low cost way to produce images with wide
fields of view. These factors are crucial for applications involving mobile robotics [43], and catadioptric sensors
featuring multiple cameras and mirrors are also used [42, 38, 41].

Figure 1. A basic catadioptric sensor

Mirror surfaces have been designed so that the catadioptric sensor preserves certain geometric properties by
inducing image-to-world mappings that are conformal, equi-areal, equidistant, equiresolution, etc., as in [8, 10, 25].
In efforts to achieve uniform resolution, for instance, Conroy and Moore designed catadioptric sensors that have
solid angle-pixel density invariance [10], while Chahl and Srinivasan study those mirror surfaces that preserve a
linear relationship between the angle of incidence of light onto the surface and the angle of reflection [8].

Often, tools and techniques from Differential Geometry can be used to pose and solve these mirror-design
problems [21, 23, 25, 28, 22, 42]; conversely, questions of a Differential-Geometric flavor can similarly be phrased
in terms of reflective surfaces and, more generally, optics [7, 44, 53]. The relationships between the two subjects
warrants a deeper understanding, as evidenced by the key or central question underlying my interests:
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Question 1. How are the optical properties of a mirror determined by its geometric properties (e.g. its
curvatures, in the case of surfaces)? Conversely, how are the geometric properties of a mirror determined by its
optical properties?

The answers to this question depend significantly on one’s assumptions about light rays. As indicated in Figure
1, a basic catadioptric sensor is often designed in a real-world setting, under the assumption that its camera uses
or is well-modeled by perspective projection. This means that all light rays travel as straight lines in three-space,
E3, and pass through a common point, the camera’s pinhole. The distance between the image plane and the
mirror is referred to as the focal distance, and when this distance approaches infinity all light rays run parallel to
the optical axis, resulting in what is called orthographic projection. It is also common, then, to model a camera
under the assumption of orthographic projection, and design catadioptric sensors accordingly.

non-Euclidean Photography and Catadioptric Data. In the interests of fully generalizing Question 1, one
can think of a catadioptric sensor’s reflective surface as an “optically constrained” codimension-1 submanifold or
hypersurface in an ambient Riemannian manifold, a setting where light rays behave in much more interesting and
exotic ways. We will let M denote an (n + 1)-dimensional Riemannian manifold and, unless otherwise stated,
submanifolds M ⊆ M are assumed to be endowed with the induced metric. Standard examples are notated as
follows:

En+1 =
(
Rn+1,Euclidean metric ds

)
Hn+1 =

(
Rn × R+,

ds

xn+1

)
Sn+1 =

{
~x ∈ En+2 : ‖~x‖2 = 1

}
⊂ En+2

As is common, TM denotes the tangent bundle of the given Riemannian manifold M , and in what follows, all
notions of curvature, geodesy, torsion, etc., are taken with respect to the Riemannian metric and its associated
Levi-Civita connection.

In plainer language, then, these generalizations of Question 1 enable one to take a clear picture of an object
O that sits inside of a given Riemannian manifold M , allowing for a kind of “non-Euclidean photography,” an
idea that sounds as lovely as it does challenging. One’s ability to photograph large portions of O depend on a
considerable amount of data, including the behavior of light rays (geodesics: straight lines or general curves),
the type of camera being used (orthographic, perspective, or something else), and a rigorous notion of “clarity”
(image-to-world mappings that are conformal, equi-areal, or something else). The following definition makes this
more precise:

Definition 2.1. (Catadioptric Data) A quintuple

(
M, I, ν,O,P

)
is referred to as Catadioptric Data when M is an (n + 1)-dimensional Riemannian manifold, I ⊂ M is a
codimension-1 submanifold, ν ∈ Γ(I, TM) is the restriction of a vector field to I, O ⊂ M is a codimension-1
submanifold or O = Sn, and P is a subset of OI .

The hypersurface I is thought of as an image sensor, and the vector field ν plays the role of a camera projection.
The set O is an object space, and P is thought of as a set of desired geometric properties for a function f :
I → O, properties that represent one’s notion of clarity. Finally, both I and O have been equipped with induced
Riemannain metrics or, in the case when O = Sn, the standard spherical metric.

Given such a quintuple of data, a “photograph” of O is obtained by reflecting light rays off of a to-be-determined
hypersurface M ⊂ M so that they intersect the image sensor I; this reflection is defined using a normal for M
and Snell’s Law. Only those redirected rays with terminal directions determined by ν will be recorded, and the
reflective hypersurface M is constructed so that the induced function g : U ⊆ O → I is invertible with g−1 ∈ P.
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Figure 2. Profile Catadioptric Data for Examples 2.1 and 2.2

In practice, it is far more natural to phrase matters in terms of reversed light rays. This means that one first
fires geodesics from I in directions determined by ν. Next, hypersurfaces are constructed as a means of redirecting
incident rays so that they ultimately intersect U ⊆ O in accordance with those functions f ∈ P. The submanifolds
M therefore play the role of mirror surfaces in a catadioptric sensor, and the pairs (I, ν) function as cameras. This
is depicted in Figure 2 (for Euclidean Catadioptric Data) and motivates the following

Definition 2.2. (Riemannian Mirror) A hypersurface M ⊂ M is a Riemannian Mirror with respect to
given Catadioptric Data (M, I, ν,O,P) if it induces a function f ∈ P via the aforementioned reflection process. A
mirror surface M is said to resolve the Catadioptric Data (M, I, ν,O,P) or, conversely, the given data determines
the Riemannian mirror M .

The following examples do not require our general definitions; instead, they represent fairly typical optical
engineering problems wherein a real-world application requires one to design a rotationally symmetric mirror
surface to be coupled with an (orthographically modeled or perspectively modeled) camera. A side view of this set
up is depicted in Figure 2, where the image sensor, I, and the object space, O, are portions of horizontal planes.

Example 2.1. Let M = E3, I = {(x, y, z) : z = 0} ∼= E2, ν = ∂
∂z , O = {(x, y, z) : z = c}, and P = {f(x, y, 0) =

(ax, ay, c)}. Note that O is an arbitrary leaf in the foliation of E3 by horizontal planes, and the choice of ν ensures
that only vertical light rays are recorded.

To resolve this Catadioptric Data, then, one must find a mirror that images horizontal planes under orthographic
projection so that lines map to lines. Because the set P contains only rotationally symmetric, linear mappings,
in addition to imaging horizontal planes sans distortion, our mirror will be invariant under rotations about the
z-axis. This problem then reduces to the mirror-design problem posed by Hicks, and Bacsjy, [24]; the data is
resolved by revolved graphs z = g(r) that solve

(1)
dg

dr
=
−g +

√
g2 + r2

r
.

Example 2.2. Take M, I, and O as in Example 2.1, but set ν = −x ∂
∂x − y ∂

∂y + ∂
∂z and P = {f(x, y, 0) =

(ax+b, ay+b, c)}. This choice of ν means that only those rays passing through the point (0, 0, 1) will be used; this
problem therefore corresponds to determining rotationally symmetric mirrors that image horizontal planes under
perspective projection and with no distortion. These, too, were discovered by Hicks and Bacsjy [24] and are given
by functions g(r) that solve

(2)
rg(r)

g(r)− 1
+

2g′(r)g(r)

1− g′(r)2
=

(
at

g(r)− 1
+ b

)(
1−

(
r

g(r)− 1

) (
2g′(r)

1− g′(r)2

))
Both differential equations 1 and 2 can be solved numerically.

In the following examples, the object space, O, is instead a unit sphere that keeps track of “reflection vectors,”
the directions in which light rays head after they make contact with the reflective surface.

Example 2.3. Take M, I and ν as in Example 2.1, but set O = S2(∞), the sphere at infinity, and P =
{angle-preserving maps}. The object space O is a limit of concentric spheres, and, after a suitable rescaling,
one can treat it as O = S2(∞) ∼= S2, the unit sphere. In this formulation, the object space is actually a “reflection
sphere,” as it keeps track of the (unit) tangent vectors of reflected light rays (see Figure 3). As proved in my
paper with Dr. Köse and undergraduate researchers [14], the only mirrors that resolve this data are rotationally
symmetric parabaloids and graphs of harmonic functions.
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Figure 3. Profile of Catadioptric Data for Examples 2.3

Example 2.4. Take M, I, ν, and O as in Example 2.3 but set P = {rotationally symmetric,
equi-areal maps} ⊂ OI . (The mappings in P do not preserve area but, instead, scale areas by a constant fac-
tor.) It has been shown that this data is resolved by rotationally symmetric surfaces with constant Gaussian
curvature [25].

Examples 2.1 and 2.2 present Catadioptric Data wherein the ambient manifold M is foliated by object spaces O.
Examples 2.4 and 2.3 use a unit reflection sphere for O, which itself can be viewed as a pointed Gromov-Hausdorff
limit[18] of the foliating spheres S2(r) = {~x : ‖~x‖2 = r2}. This choice simplifies calculations for both examples
and results in catadioptric sensors capable of imaging large spheres in area-preserving or angle-preserving ways
[10, 25]. An analogous interpretation is available in the abstract setting when O is a limit of leaves obtained from
a foliation, F , of M .

Current Work, Cartography, and Catadioptrics. In 1969, John Milnor noted that “The central problem of
mathematical cartography is the problem of representing a portion of the curved surface of the earth on a flat
piece of paper without introducing any more distortion than is absolutely necessary” [36]. This observation applies
equally well to certain Riemannian Mirrors, those designed with respect to Catadioptric Data (E3,E2, ν,S2,P)
where I = E2 is embedded in E3 as the xy-plane. Cartographic-inspired mappings g : S2 → E2 can, in principle,
be obtained by resolving such data.

Although the literature on Cartography and Mathematics is vast (see [5, 15, 17, 16, 33, 40, 46], for instance),
this rudimentary connection to Catadioptric Sensors has gone overlooked. With the support of a grant from the
Center for Undergraduate Research in Mathematics (CURM), my colleague Dr. Köse and I, along with a team of
three students, are currently studying issues related to this. One such topic is

Current Project 1. Let C = {f : E2 → S2 : f−1 is a well known Cartographic mapping}. Which Rie-
mannian Mirrors resolve the data

(
E3,E2, ∂∂z , S

2, C
)
?

This project seeks to determine those mirror surfaces that induce famous map projections. Using little more
than Multivariable Calculus and the theory of Ordinary Differential Equations, our current CURM group has
already proven two fascinating results

Theorem 1. There is no cylindrical projection of the earth that is induced by a catadioptric sensor whose camera
uses orthographic projection.

That is, when C is restricted to the set of inverted cylindrical projections and ν = ∂
∂z , the resulting Catadioptric

Data is unresolvable. Riemannian Mirrors are obstructed by integrability conditions that inverted cylindrical
projections fail to meet. However, the negative result of Theorem 1, can be qualified significantly: the only
cylindrical cartographic projection realizable via a catadioptric sensor is the famous, angle-preserving Mercator
Projection. The graph of the corresponding mirror surface, z = g(x, y), is given by the real part of an equally
famous conformal mapping:

g(x, y) = ey sin(x).

In reality, this mirror is unusable since it causes self-occlusions – that is, reflected light rays often land on the same
point on a finite sphere. To fix this, one can use a smaller portion of the graph, thereby avoiding such behavior
(of course, this is done at the price of realizing only part of the Mercator Projection and therefore does not solve
the full problem).

The other result of interest is the following
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Theorem 2. The Azimuthal Equidistant Projection is realized by the reflective surface S obtained by revolving
the graph

f(r) = −2 log(cos(r/2))

about the vertical z-axis.

This result is notable for two reasons. First, the Azimuthal Equidstant Projection is already a mathematically
significant cartographic projection; it is the inverse of the exponential mapping on the unit sphere and it is the
unique mapping determined by Milnor in [36] as a means of minimizing a certain kind of distortion. Second,
the function f(r) (shown in Figure 4) is itself famous: this function is known as a “Grim Reaper curve” since it
translates under mean curvature flow, a topic I have also been pursuing as it relates nicely to minimal submanifolds
with density (see [13]). That our findings connect these two geometrically / cartographically significant objects
suggests that deeper, more compelling connections between differential geometry and catadioptric sensor design
are, indeed, waiting to be unearthed.

Figure 4. Azimuthal’s Mirror is a Grim Reaper

Progress on these fronts owes much to the work done by myself, Dr. Köse, and two previous CURM students in
[14]. Just as cartographers cannot make distortion-free images of the earth, it is impossible for a catadioptric sensor
to image spheres in distortion-free ways – assuming, of course, that the image sensor, I, is flat. In particular,
the image-to-world mapping induced by a sensor cannot simultaneously (and uniformly) rescale areas (i.e. be
“equi-areal”) and preserve angles. Such a mapping would, after appropriate adjustments, serve as a local isometry
between the unit sphere and a portion of the plane.

Again, in [25], it was shown that equiareal sensors are obtained by using constant Gaussian curvature surfaces
of revolution, and rotationally symmetric, angle-preserving mirrors are only given by paraboloids. In [14] we
developed new catadioptric sensors that optimally interpolate between equiareal ones and angle preserving ones;
geometrically, we determined new surfaces that, by locally minimizing certain optical distortion norms, best
compromise between constant Gaussian surfaces of revolution and rotationally symmetric paraboloids. This was
accomplished by determining and studying relevant Euler-Lagrange equations; solutions have been produced using
various algorithms and numerical methods. Moreover, this framework can be adopted to suit the needs of various
optical engineers, and invites continued work by myself, Dr. Köse and future undergraduate researchers.

Future Work. There is a tremendous amount of work to be done on posing and answering Catadioptric Data
questions, and I am excited to continue it. Dr. Köse and I have recently submitted an NSF proposal seeking funds
to support further research into this area. We plan to organize various colloquia series and fund undergraduate
participation on these projects. As such, we have amassed an impressive collection of future problems, many of
which are suitable for undergraduate collaboration, and they include the following:

Proposed Project 1. Determine those Riemannian Mirrors that resolve
(
E3,E2, ν,S2, C

)
where ν = −x ∂

∂x−
y ∂
∂y + ∂

∂z .

This project is an ideal companion piece for Current Project 1 as it seeks to obtain classical map projections of
the earth via mirror surfaces under perspective projection. Many cartographic mappings will fail to be resolvable,
but a complete classification of this information will shed needed light on connections between catadioptrics,
cartography, and geometry. It will also provide excellent educational opportunities for undergraduate researchers,
as will the following

Proposed Project 2. Let P ⊂ C be a singleton P = {f}. Determine those vector fields ν ∈ Γ(E2,E3) so
that the data

(
E3,E2, ν,S2,P

)
is resolvable.
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This project generalizes Project 1, and, as in the proof of Theorem 1, the central obstruction to ν is an
integrability requirement, one that can be phrased as a geometric partial differential equation. Techniques from
Geometric Analysis and the theory of Partial Differential Equations will be effective in solving such a problem.

3. Minimal Surfaces

Background. There are a number of ways to define a minimal surface, (see, for example, [11] or [29]), but one of
the more common or useful definitions involves Weierstrass data. A result of Osserman tells us that every finite
total curvature minimal surface is conformally a compact Riemann surface with finitely many punctures [39]. The
map X : R → R3 that parameterizes our punctured Riemann surface, R, as a minimal surface admits an integral
representation given by

X(z) = Re

∫ z

·

(
1

2

(
1

g
− g
)
dh,

i

2

(
1

g
+ g

)
dh, dh

)

where g is a holomorphic function, dh is a holomorphic 1-form, and z is a local coordinate on the surface R. The
pair (g, dh) is referred to as the Weierstrass data for the minimal surface.

Both g and dh have geometric significance. As the notation suggests, dh is the differential of the height function,
and g is the Gauss map composed with stereographic projection. To construct a desired minimal surface, it suffices
to determine appropriate g and dh. In order for the surface to be unbranched, one first has to balance the zeroes
and poles of g against the zeroes of dh. In order for the map X to be well defined, one has to solve the period
problem(s)

Re

(∫
γ

1

2

(
1

g
− g
)
dh

)
= 0

Re

(∫
γ

i

2

(
1

g
+ g

)
dh

)
= 0

Re

(∫
γ
dh

)
= 0

where the integrals are taken over all generators γ of H1(R;C). The first two equations are often referred to as the
horizontal period problem, while the last is the vertical period problem. The horizontal period problem
can be rewritten as a single complex equation

∫
γ
gdh =

∫
γ

1

g
dh

again for all γ that generate H1(R;C). If R has genus k and n punctures, there are 3(2k + n− 1) real conditions
to satisfy. Moreover, if R has high genus, then the function g and 1-form dh can be difficult to determine. In
summary, topologically complicated minimal surfaces are often difficult to construct via Weierstrass data.

WhenR is a punctured sphere, the period problem typically reduces to a condition on the residues of gdh, (1/g)dh
and dh, namely that they are purely real. A good example is given by Scherk’s doubly periodic surface, which is
defined on Ĉ− {±e±iθ} by the data

g(z) = z

dh =
izdz∏

(z ± e±iθ)

Only the vertical period problem is solved for this data, producing a doubly periodic surface in R3 that is defined
over the lattice (sec θ, csc θ, 0), as pictured below.
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θ = π/4

θ < π/4

If we let θ → 0, these surfaces converge to a singly periodic helicoid whose axis of revolution is contained in the
(x, y) plane, as the one depicted below.

Karcher’s Surfaces and the Singly Periodic Genus-One Helicoid. By imposing symmetry on a desired
minimal surface, the number of period problems one has to solve is greatly reduced. Karcher succeeded in adding
a handle to genus-0 surfaces (see [30, 31, 32] and the image below) by making use of imposed symmetry and
appealing to basic elliptic function theory. In particular, he added a handle to Scherk’s doubly periodic surface
for 2θ = π/2 under the assumption that the underlying torus was square; this reduced what should have been a
two dimensional period problem to a one dimensional problem.

Scherk-Karcher Surface

Motivated by Karcher’s construction, Hoffman-Karcher-Wei [26] conjectured that a handle could be added to
Scherk’s surfaces for all values of θ. Moreover, they produced numerical estimates suggesting that as θ → 0
the surfaces limit on a singly periodic, genus-one helicoid (pictured below). They succeeded in establishing the
existence of this proposed limit surface; in fact, they showed that the surface is unique and embedded. However,
the existence of genus-1 Scherk surfaces for arbitrary θ was not addressed.

Handle Addition, Flat Structures, and Extremal Length. There are other ways to add handles to minimal
surfaces. One such method was developed by Weber-Wolf [50], whereby flat structures for the proposed 1-forms
gdh and (1/g)dh are determined up to a number of free parameters, with the horizontal period conditions cutting
down this number to a typically manageable size.
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Specifically, given any 1-form α on a Riemann surface R, one can define a line element dsα by

dsα = |α| = |f(z)||dz|

where z is a local coordinate on R and α = f(z)dz. Because f(z) is meromorphic, away from the zeroes and poles
of α the metric dsα is flat. Near a zero or pole of order k, it is isomorphic to a Euclidean cone metric with cone
angle 2π(k + 1).

The developing map

z 7→
∫ z

·
α

is conformal and takes dsα-geodesics to Euclidean lines. Often times, one can develop the entire surface R as a
polygonal region in Ĉ with various edges identified. These regions are called the flat structure representations
of α.

For a minimal surface, the gdh and (1/g)dh flat structures will enjoy a special relationship. The horizontal period
problem requires homologous dsgdh-geodesics and ds(1/g)dh-geodesics to develop into conjugate line segments.
Because the cone metrics dsgdh and ds(1/g)dh are non-positively curved, geodesics in a particular homology class
are guaranteed to exist (see [6] or [48]), and lines of symmetry are always geodesics for both metrics (in fact, for
any dsα metric).

Conversely, one can construct a desired minimal surface by first determining necessary gdh and (1/g)dh flat
structures. The solution to the horizontal period problem is assumed, built into the structures, but various edge-
lengths remain undetermined. The question then becomes one of conformal type, for the 1-forms gdh and (1/g)dh
will be defined on the same Riemann surface R if and only if their associated flat structures are conformally
equivalent.

One is then required to show that for some choice of the undetermined parameters, enough conformal invariants
agree, ensuring that the gdh and (1/g)dh flat structures define the same, underlying Riemann surface. Using the
relationship

dh =

√
(gdh)

(
1

g
dh

)

the vertical period problem is typically easy to solve.
The Extremal Length of a set of curves is often among the more useful conformal invariants for these purposes.

Given a set of rectifiable curves Γ, and denoting the set of all Borel-measurable, conformal metrics byM = {ρ ≥ 0},
the Extremal Length is given by

ExtR(Γ) = sup
ρ∈M

infγ∈Γ (Lρ(γ))2

Aρ(R)

where Lρ(γ) denotes the ρ-length of a curve γ, and Aρ(R) denotes the ρ-area of R. Using the gdh and (1/g)dh flat
structures to estimate various extremal lengths, by means of the Intermediate Value Theorem or via the properness
of an associated function, one is able to argue that conformally equivalent flat structures exist. For more details
on the notion of extremal length see [1] or [2].

Flat Structures for Karcher’s Surface. When the surface R has sufficient symmetry, the conformal map
relating the two flat structures is required to be edge preserving, too. This happens, for example, with Karcher’s
genus-one version of Scherk’s doubly periodic surface with θ = π/4:
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a b

cd

a

b

b

ac
1
gdh

c

a

a

b

b

gdh

The picture above represents quarters of the full gdh and (1/g)dh flat structures. Points that share a label are
identified, and the line segments joining b to infinity are also identified, as indicated by the slash marks. A
conformal map between the two domains necessarily exists, and it needs to take edges joining labeled points in
one domain to edges joining similarly labeled points in the other domain.

In fact, as proven in [52], more general genus-k versions of this surface exist and are constructed so as to enjoy
maximal symmetry. The flat structures for these higher genus surfaces also enjoy edge correspondence.

The large amount of symmetry present in these and other cases allows one to work with simply-connected
domains bordered by lines meeting at angles of π/2 and 3π/2. Such domains are called orthodisks (see [52],
[51]), and they significantly facilitate the approximation of various extremal lengths and their dependence on the
flat structures’ free parameters.

The previously depicted gdh and (1/g)dh flat structures for the Scherk-Karcher surface are not orthodisks.
However, orthodisks can be obtained by developing the quarters indicated below

a

d

b

c

1
gdh

c

a

bd

gdh
a

c

bd

The only undetermined parameter in the structures above is `, which is the length of the segment joining a and
d (or, equivalently, the segment joining a and b). Using an appropriate family of curves Γ, it can be shown that
there exists precisely one value of ` ∈ (0,∞) so that Extgdh(Γ) = Ext 1

g
dh(Γ), where Extα(Γ) denotes the extremal

length of Γ as computed on the flat structure for α. Hence, there exists a unique choice of ` so that the two
domains are conformally equivalent.
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Higher Genus Scherk Surfaces and Helicoids. Let S(k, 2θ) denote a putative, complete, genus-k, doubly
periodic minimal surface in R3 with four vertical, annular ends meeting at angles 2θ and π−2θ, where θ ∈ (0, π/2);
we refer to such a surface as a perturbed, genus-k Scherk surface. Let H(k) denote a putative, singly periodic,
genus-k helicoid. The fact that

lim
θ→0

S(0, 2θ) = H(0)

suggests that an analogous result should hold for arbitrary k. That is, one conjectures

lim
θ→0

S(k, 2θ) = H(k)

Although the existence of H(1) has been established for some time [26], the existence of S(1, 2θ) for arbitrary θ
was only established recently. Using the method of the support function, Baginski-Ramos Batista [3] claimed the
existence and conjectured limiting behavior of the surfaces S(1, 2θ). Using standard perturbation techniques and
the flat structure techniques outlined above, I have also obtained these results.

Uniqueness and Perturbations of the Initial Surface. Unfortunately, because the surfaces S(1, 2θ) do not,
in general, possess as much symmetry as the surface S(1, π/2) does, using the gdh and (1/g)dh flat structures to
estimate various extremal lengths presents a new challenge; orthodisks are not available in this setting, as the flat
structures necessarily have non-trivial topology, and so a different or modified approach is needed.

Indeed, flat structures with topology are not as amenable as simply connected ones, such as orthodisks. For
the latter, extremal lengths provide coordinates for Teichmüller Space, and estimates are available via Schwarz-
Christoffel mappings. To circumvent the obstructions posed by topologically complex flat structures, I first im-
proved the existence results of S(1, π/2), relaxing a symmetry requirement and establishing uniqueness. Specifi-
cally, I proved the following

Theorem 3. Let R = C/{1, i}−{a1, a2, a3, a4} denote a four-times punctured, square torus, where the punctures
are placed with respect to the lattice’s rhombic symmetry. Then, up to a re-ordering of the ai, and a shift and
rotation of the torus, there is precisely one way to place the punctures so that R embeds into R3 as S(1, 2θ).
Moreover, the angle between the ends is necessarily given by 2θ = π/2.

In [31] and [52], the punctures ai were assumed to be placed with respect to both the torus’ rectangular and
rhombic lines of symmetry. Moreover, the angle 2θ was also assumed to equal π/2.

The above result was achieved via elliptic function theory, collecting expressions for the data (g, dh) that depend
on the punctured torus. Using the Implicit Function Theorem, I also showed that this surface, S(1, π/2), enjoys
a toroidal deformation. That is, the following was shown in [12].

Theorem 4. Let C/Λφ denote the rhombic torus whose lattice is generated by {1, eiφ}. Then, for φ sufficiently
close to π/2, there exists θ ∈ (0, π/2) and points ai so that R = C/Λφ − {a1, a2, a3, a4} immerses into R3 as
S(1, 2θ)

Establishing the existence of these perturbed surfaces involves solving a 2-dimensional period problem. This
was accomplished by perturbing the 1-dimensional period problem associated to the much more symmetric surface
S(1, π/2). It should be noted that these results do not establish the existence of S(1, 2θ) for θ close to π/4; this was
first obtained by Hauswirth-Traizet [20]. Rather, this theorem only establishes the existence of possibly perturbed,
genus-1 Scherk surfaces.

Possible Limits of S(1, 2θ). Using Theorems 1 and 2, we conclude that a family of conformally equivalent gdh
and (1/g)dh flat structures exists. Moreover, the proof of Thoerem 2 implies that this family can be parameterized
by an analytic curve γ ⊂ P ⊂ R3, where P is a half-infinite slab. Appealing to Sullivan’s Local Euler Characteristic
Theorem, (see [19]), it can be shown that this solution set necessarily extends to the boundary of P.

Extremal length arguments involving the gdh and (1/g)dh flat structures restrict where the curve γ can intersect
∂P. Quarters of the flat structures are depicted below
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(1/g)dh gdh

`

θ

α
`

`
`

π − αθ

We depict two versions of the gdh flat structure; the latter is obtained from the former by cutting along the dotted
line and then gluing along the solid line.

These domains feature three undetermined parameters, `, θ, and α. After using results of Meeks-Rosenberg
[35] and Rosenberg-Toubiana [45] to facilitate various extremal length arguments, it can be shown that the only
possible limiting flat structures are given by (`∗, 0, α∗) where `∗ ∈ (0,∞) and α∗ ∈ (0, π/2). All other possible
limits either outright violate the period condition or the conformal equivalence between the full gdh and (1/g)dh
flat structures.

The following limiting gdh flat structure is what necessarily results:

The above can be recognized as one quarter of the gdh flat structure for the singly periodic, genus-1 helicoid “on
its side.” All together, I established the following (which is featured in Figure 5):

Theorem 5. Given any θ ∈ (0, π/2) there exists S(1, 2θ). Moreover, as θ → 0 the surfaces S(1, 2θ) → H(1) in
the pointed Gromov-Hausdorff sense.
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Figure 5. S(1, π/2) (left) and S(1, θ) (right) for θ < π/2

Finally, the embeddedness of the surfaces S(1, 2θ) is achieved by a standard application of the maximum principle
(see [11] for example).

Future Work. The existence of an embedded, non-periodic, genus-one helicoid was proven in [49]; it was ob-
tained by perturbing the singly periodic genus-one helicoid via screw motions. The surfaces so produced are
invariant under a vertical screw motion with angle 2πn for some n ∈ R, and so are labeled Hn(1). The fact that
limθ→0 S(1, 2θ) = H(1) holds suggests that it may possible to further perturb or distort the surfaces S(1, 2θ),
producing new surfaces S(1, 2θ)n so that limθ→0 S(1, 2θ)n = Hn(1). Taking a diagonal subsequence would allow
one to obtain the genus-one helicoid as a new limit.

It might also be possible to generalize the methods used to obtain H(1) as a limit of perturbed, genus-one Scherk
surfaces to produce singly periodic helicoids of arbitrary genus, which we have notated as H(k). Only recently
have these surfaces been established to exist by Hoffman, Traizet and White (see [27]). To establish these surfaces
as limits of generalized Scherk-surfaces would constitute a significant accomplishment. Moreover, once H(k) is
established for arbitrary k > 1, one may attempt to generalize the screw-motion techniques of [49] to produce
genus-k helicoids.

These generalizations present various interesting and important challenges. In particular, the elliptic function
theory underlying the uniqueness proof for S(1, π/2) will need to be rephrased in terms of the more general theory
of Theta functions. Also, the notion of a “rhombic, genus-k surface” does not exist, and so a suitable analog will
need to be developed. Finally, the associated flat structures will necessarily feature more undetermined parameters,
increasing the number of possible degenerations. Demonstrating that only one of these degenerations is allowable
will then require much more work.

I am also interested in a classical question: When constructing minimal surfaces, is symmetry necessary or
merely convenient? Traizet [47] answered this question by constructing minimal surfaces that do not possess
any symmetry. However, I am interested in studying this question when the potential for symmetry exists. For
example, Theorem 1 shows that it is impossible to puncture a square torus only with respect to its diagonal
symmetries, and not also with respect to its rectilinear symmetries, if one is to immerse it into R3 as S(1, 2θ)
for some θ ∈ (0, π). I suspect similar statements are true for the hexagonal torus, as well as for other proposed
minimal surfaces whose underlying Riemann surfaces possess some amount of symmetry.

Most generally, my research interests lie in the classification of minimal surfaces. This includes producing
limits of known examples through different techniques, such as adding handles, perturbing data, or even gluing
together various examples. I would like to continue learning about these different techniques, and I look forward
to collaborating with other mathematicians in or around this area.
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